1. Algebraic Solution of the
Two-Mode
Jaynes—Cummings Model

The JC Hamiltonian for resonant interaction
of a two-level atom (le),|g)) with two field
modes (a;, &), is given by H = Hg+ Hj., where

Feynman representations of the interaction operator Hipt.

The operators for the atom are defined by

o, := |e)(e| —|g)(d], 0" :=e)(g| and o = |g)(€].
We introduce quasi-mode operators:

AL =vias+Yodn, A= —Yoa1+ Y ay, (1)

where Vi :=¢i/d, 9:=/|01]2+|0/2. This is an
SU(2) transformation of the mode operators
a;, a». T he transformed Hamiltonian reads
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Ho = hw (GZ;_

Hint = ﬁg (O'+A1—|-O'_AI) ,

| (AIAl + A;A2)1> ,

representing a JC Hamiltonian for quasi-mode
one decoupled from a non-interacting quasi-
mode two. The time-evolution operator in
the interaction picture is then the same as
for a one quasi-mode JC model:

U = exp(—iHint f) =

sin (T\/A1A1+1>
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Definition of the quasi-mode Fock states:

AJlrnlA;nz
Ni.No) ‘= 0.0).

To find the transformation between the two-
mode Fock states |n;,n;) and the two-quasi-
mode Fock states |ny,ny)), we use Schwinger’s
oscillator model and introduce angular mo-
mentum states |j,m) and |]j,m), where | =
(M +ny)/2 and m=(n;—y)/2. We obtain the
Important relation between the quasi-mode
and the mode Fock bases.

J .
m) = Y D@90, (2)
m'=—]

im = 3 D@80, (3)

Here Dy} (6,9,8) = exp[—i(m¢ +mx)]d.) (9) are
the Wigner D-matrix elements of the SU(2)
group with arguments determined by ¢ = ¢, —

G2, X =1+ @2, cos(3/2) = |y1|, sin(d/2) == |y2
and i = |yi|exp(id;).

9)(el+cos (1y/AlA ) gl

The action of Uy on the field states is easily
calculated in the quasi-mode Fock basis

Uee(T) 1,m) = cos (t/T+m+1) |j,m),

Uge(T) |j,m) = —isin (T\/j+m+1) j+3.m+3),
Usg(D) [j,m) = —isin (vy/T+m) |j—3,m—1),
Ugg(1) |,m) = cos (t/T+m) [j,m). (4)

showing that Uge and Uy do not change the
number of quasi-photons, whereas Ug (Ug)
act as creation (annihilation) operators of
quasi-mode one. We find for the action on
the usual Fock states

Uee(T)|J,m> — MZ Cgrfm(-[)|17m>7
N
Uge(T) |j,m) = Z Jm(T)‘j+%,m>,
m=—j—3

UgMim) = 3 Sy(D]j— 1),

m=—j+3
J .
UQQ(T) ’j7m> — Z C:r{m(_[) “am>a (5)
m=")

where we have introduced the following coef-
ficients

| | o
C, (1) = » cos (T\/j—I—V—I—l) Dfﬂf)\,D\(;Jr%,
=
| J 1 .
: : - (i+3) !
S, (1) = —i _Z_sm (T\/J—I—V—|—1) Dmyvi%D\(;Jr%,

v="]

= : : : j—3 N
Syn(T) = —i Z Sin (T\/J +v) DSYVZ_)lDf,{%,
= 2

C,jﬂm(T) = Z_cos (T\/j +v) Dr(]jY{)D\(,er,T. (6)

With the help of this compact formalism, all

expectation values can be calculated analyti-

cally.
2. Generation of the
NOON-States
W) =5 (IN,0)£[|0,N)) in a

Single Step

We show that it is possible to entangle N pho-
tons in two field modes in a single shot of an
atom through a two-mode cavity. This prop-
erty of the two-mode JC model can be un-
derstood if we think of the atom (re)emitting
photons into and (re)absorbing photons from
the two modes many times during the inter-
action time T.

Forthecaseof N=1,0:=0, =¢;1—¢,=0, we
illustrate the result for [W7) = 25(|1,0) £0,1))

Parametric plot of the generation probabilities (pwf)
(dark-blue) and (pr> (light-blue) as function of time
T=(t, for different initial atom-field states shown on the
right.
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If the two coupling constants are different,
say o = v/30; we obtain

Parametric plot of the generation probabilities <ow>

(dark-blue) and <pr> (light-blue) as function of time
T=qt, for different initial atom-field states shown on the
right.

The dependence of the generation probability
on the relative phase and coupling strength,
or the interaction time and relative phase can
also be investigated.
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Generation probability for the Generation probability for the
state  |W]) = 5(|1,0)+0,1)) state |Wy) = —5(]1,0)+(0,1))

taking initially |€0,0) and a taking initially |€0,0) and a
fixed interaction time 1=m/2, fixed coupling constant y; =
as a function of the relative 1/4/2 as a function of the in-
phase ¢ =¢1— ¢ and vy;. teraction time 1 and relative

phase ¢ = ¢1— 2.
The generation of NOON-states with larger
N, e.g., N=2, ie, w2i>_:%§yz,o>::yo,2>), is
investigated in the following figures.
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Parametric plot of the generation probabilities (pqg)

(dark-blue) and <qu£> (light-blue) as function of time
T=¢t, for different initial atom-field states shown on the
right. The atom-field coupling is assumed to be g; = Qp.
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Generation probability for the Generation probability for the
state  |W3) = J5(12,0)+(0,2)) state |W3) = 5(]2,0)+0,2))

taking initially |e1,0) and a taking initially |e1,0) and a
fixed interaction time T =T fixed coupling constant y; =
as a function of the relative 1/2 as a function of the in-
phase ¢ =¢1— ¢ and vi. teraction time 1 and relative

phase ¢ = ¢1—¢2.

In general, given an initial atom-field state
one has to apply a maximization method to
find the set of parameters (1, ¢, y1) where the
generation probability has a maximum.

For general results and for conditional and
non-conditional generation schemes see:
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